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High-fidelity entangling quantum gates based on Rydberg interactions are required for scalable
quantum computing with neutral atoms. Their realization, however, meets a major stumbling block
– the motion-induced dephasing of the transition between the ground and Rydberg states. By using
quantum interference between different detuned Rabi oscillations, we propose a practical scheme to
realize a class of accurate entangling Rydberg quantum gates subject to a minimal dephasing error.
We show two types of such gates, U1 and U2, in the form of diag{1, eiα, eiγ , eiβ}, where α, γ, and β
are determined by the parameters of lasers and the Rydberg blockade V . U1 is realized by sending
to the two qubits a single off-resonant laser pulse, while U2 is realized by individually applying one
pulse of detuned laser to each qubit. One can construct the controlled-z (CZ) gate from several U1
when assisted by single-qubit rotations and phase gates, or from two U2 and two phase gates. Our
method has several advantages. First, the gates are accurate because the fidelity of Uk is limited
only by a rotation error below 10−5 and the Rydberg-state decay. Decay error on the order of 10−5
can be easily obtained because all transitions are detuned, resulting in small population in Rydberg
state. Second, the motion-induced dephasing is minimized because there is no gap time in which a
population is left in the Rydberg shelving states of either qubit. Third, the gate is resilient to the
variation of V . This is because among the three phases α, γ, and β, only the last has a (partial)
dependence on V . Fourth, the Rabi frequency and V in our scheme are of similar magnitude, which
permits a fast implementation of the gate when both of them are of the feasible magnitude of several
megahertz. The rapidity, accuracy, and feasibility of this interference method can lay the foundation
for entangling gates in universal quantum computing with neutral atoms.
I. INTRODUCTION
Ultracold atoms are promising for scalable quantum
computing [1–3] due to the ability to isolate and detect
single atoms, to trap atoms in arrays of optical dipole
traps, to store quantum information in the hyperfine sub-
levels of the ground state, and to perform high-fidelity
single-qubit gates with individual addressing [4–11]. In
order to develop a reliable quantum computer of practi-
cal utility, a universal set of accurate, fast, and realizable
quantum gates are required. Any two-qubit entangling
quantum gate and a small number of single-qubit gates
can form a universal set of quantum gates [12]. This leads
to the general conclusion that a high-fidelity entangling
gate is necessary for the development of scalable quan-
tum computing. However, despite the fact that two-qubit
gates with ultracold neutral atoms based on Rydberg in-
teractions [13] were proposed about two decades ago [14],
and in theory high fidelity is achievable [15–19], there is
no substantial progress in recent experiments [20–26].
A major factor that leads to the low fidelity of Rydberg
quantum gates is the motion-induced Doppler dephasing
of the atomic transition between the qubit states and
Rydberg states [2, 20, 27]. To date, all Rydberg quantum
gates [21–23, 25] were experimentally studied using the
three-pulse method originally proposed in [14], where the
control qubit is left in a Rydberg shelving state when
the target qubit is optically pumped. A problem with
this method is that when the qubits drift, the phases
of the laser fields used for excitation and deexcitation
of the control qubit can have sizable difference. Such
Doppler dephasing results in both population and phase
error in the gate. This dephasing can be suppressed if no
gap time is left between the excitation and deexcitation
of Rydberg states. In other words, the motion-induced
dephasing can be minimized if each qubit is driven only
by one pulse of laser field [28]. This is why two-atom
entanglement between ground and Rydberg states was
only recently achieved with a high fidelity by applying a
single laser pulse [29]. However, it is the entanglement
between ground-state atoms that is useful for scalable
quantum computing, but a practical dephasing-resilient
scheme for this goal is still lacking.
In this work, we propose two types of high-fidelity two-
qubit entangling gates U1(2) which are resilient to the
motion-induced Doppler dephasing. Our method is based
on quantum interference between different detuned Rabi
oscillations [17, 19], and is subject to a minimal Doppler
dephasing because it is implemented either with a sin-
gle square laser pulse on two qubits (for U1), or with
one square laser pulse on each qubit (for U2). As a quick
guide to the essence of this method, we show the patterns
of the atomic transition and quantum interference of U1
in Fig. 1 and Fig. 2, respectively. Figure 1 shows that
there are two Stark-shifted states for the input state |01〉,
between which there is a transition frequency 2πN/tg,
where tg is the gate duration. For the input state |11〉,
there are three Stark-shifted eigenstates separated by
three transition frequencies (Mi−Mj)2π/tg, where i 6= j
and i, j ∈ 1− 3. For any set of integers {N,M1,M2,M3}
that satisfy the physical picture of Fig. 1, the Rabi fre-
quency for |01〉 (or |10〉) and the three Rabi frequencies
for |11〉 are all integers up to a common factor 2π/tg; this
2Case Ω
2pi
(MHz) ∆
2pi
(MHz) V
2pi
(MHz) β−2α
pi
(N,M1,M2,M3) tg (ns) Ero Ede
1 10 19.252 -35.1818 0.32457 (4, 2, 1, -3) 184 2.31× 10−10 45.5ns/τ
2 10 -23.9977 52.1713 0.6217118 (10, 8, -3, -5) 385 6.80 × 10−9 59.9ns/τ
3 10 -13.6468 23.09272 1.450098 (5, 4, -1, -3) 296 3.59 × 10−8 86.9ns/τ
TABLE I. Three sets of parameters N,Ω,∆, and V for realizing U1 that satisfy Eq. (1) [or Eq. (8)] exactly, and simultaneously
satisfy Eq. (2) [or Eq. (16)] approximately with errors small than 10−7. The angle β − 2α shown here is deducted by an
multiple of 2pi so that it falls into the interval [0, 2pi). Many digits for ∆ and V are displayed because they are from numerical
optimization. Here an arbitrary phase can be added to Ω with the same results achieved here. Note that for each case, a similar
gate can be realized with the angle −(β − 2α) when the signs of both ∆ and V are reversed.
(a)
(b)
Atomic transition diagram Rotating frame Transitions between different eigenstates
FIG. 1. (a) and (b) show how rational generalized Rabi frequencies in U1 appear for the two input states |01〉 and |11〉,
respectively. Here “rational” refers to that they are characterized by integers (N,M1,M2,M3). A picture similar to (a)
also applies to the input state |10〉. After transformed to the rotating frame, the Hamiltonian for the atomic transition is
diagonalized. The energy difference (divided by the reduced Planck constant ~) between the two eigenstates on the rightmost
of (a) is
√
Ω2 +∆2, which is equal to N times of 2pi/tg, where tg is the duration of the gate sequence. For the input state |11〉,
the detuned optical pumping and the Rydberg blockade lead to three Stark-shifted eigenstates. Between these states there
are three transition frequencies, as shown in the three shaded boxes on the rightmost of (b). The entangling gate U1 can be
achieved when the three transition frequencies are given by (Mi −Mj)2pi/tg with three different integers M1, M2, and M3,
where i 6= j and i, j ∈ 1− 3,
leads to the following state evolution during t ∈ [0, tg],
|01〉 → eiα ttg
(
|v+〉+ e2iπN
t
tg |v−〉
)
→ eiα|01〉, (1)
|11〉 → eiβ ttg
3∑
j=1
e
2iπMj
t
tg |Vj〉 → eiβ |11〉, (2)
where α = −Nπ(1 + ∆/√Ω2 +∆2), β = −Nπ(2∆ +
2V/3)/
√
Ω2 +∆2, and {|v±〉} and {|V1〉, |V2〉, |V3〉} are
eigenvectors of the Hamiltonians for the input states |01〉
and |11〉, respectively, as shown later. Here, Ω, ∆, and V
are the Rabi frequency, detuning, and van der Waals in-
teraction (vdWI) between Rydberg atoms, respectively.
A physical picture similar to |01〉 applies to |10〉. Then,
the population of the two-qubit system after interaction
with laser radiation for a time of tg remains unchanged
regardless of the initial state of the qubits, but phase
shifts occur for certain initial states, as shown in Fig. 2.
An entangling gate emerges when the phase shifts to
{|01〉, |10〉} and |11〉 satisfy 2α− β 6= 2jπ, where j is an
integer. As for the gate accuracy, there are two intrinsic
fidelity errors in our method, namely, the Rydberg-state
decay and a rotation error. The rotation error is below
10−5, thus can be neglected. Because there is no reso-
nant transition to the Rydberg states, the population in
Rydberg states is tiny. Consequently, the error caused by
Rydberg-state decay can be easily reduced to the order
of 10−5 under typical experimental conditions.
With the help of single-qubit gates, U1(2) can be trans-
formed to the CZ gate, which is a basic gate for univer-
sal quantum computing [30, 31]. Our gate has the form
of U(α, β) = diag{1, eiα, eiγ , eiβ} written in the matrix
form with the two-qubit basis {|00〉, |01〉, |10〉, |11〉}. The
angles α and γ are functions of the Rabi frequency Ω and
detuning ∆ of the Rydberg lasers, and β is determined
by Ω, ∆, and V . α is equal to γ in U1, and by vary-
ing Ω, ∆, and V , various combinations of α and β can
be achieved as shown later. When |α/2 − β| is not too
small, a combination of two U1(α, β) and several single-
qubit gates lead to a CZ [12]. For the U2 gate, one can
easily realize the cases where |β − α − γ ± π/2|/π is an
odd integer, so that two single-qubit phase gates and two
U2 form a CZ gate.
The comparable magnitudes of Ω, ∆, and V in our
3Gate sequenceInput Output
FIG. 2. Illustration of the quantum interference method to
realize the U1 gate with parameters of case 1 in Table I.
The input states |01〉 and |10〉 undergo four generalized Rabi
cycles (N = 4) which imprints a phase α upon them, see
Eq. (1) [or Eqs. (8), (9), and (10)]. For the input state |11〉,
both laser detuning and vdWI block its resonance which re-
sults in three types of transition frequencies between them.
Then, it undergoes three types of detuned Rabi oscillations
characterized with (M1,M2,M3) = (2, 1,−3), see Eq. (2) and
Fig. 1. When the laser excitation completes, the three off-
resonant Rabi oscillations in |11〉 also finish; this is equivalent
to that the three quantum evolution pathways interfere con-
structively so that the population is restored to |11〉. The
overall effect of these three detuned Rabi cycles is a pure
phase change of β for the input state |11〉.
method allow a rapid implementation when both Ω and
V are near the feasible value of 2π × 10 MHz [32]. We
recognize that protocols of Rydberg quantum gates with
single laser pulses had been proposed [33–35]. Neverthe-
less, the method in [33, 34] is based on an effective theory
when V ≫ Ω and relies on pumping two atoms to Ry-
dberg states with Rabi frequencies ∼ Ω2/V ≪ Ω, thus
not only lacking accuracy but also requiring long gate
times accompanied by large Rydberg-state decay; as for
the method in [35], although its speed is determined by
Ω and can be large, the gate has a large rotation error
in addition to the error caused by Rydberg-state decay.
In contrast, our method is not only practical, but can
easily attain a high fidelity that is necessary for scalable
quantum computing.
The remainder of this article is structured as follows.
In Sec. II and Sec. III, we outline the two protocols of U1
and U2, respectively, and show how a CZ gate is formed
from them. In Sec. IV, we look at the robustness of
the interference method against the motion-induced de-
phasing of atomic transitions and variations of vdWI. In
Sec. V, we discuss the prospect of extending our method
to realize other types of quantum gates and using other
types of Rydberg interactions. A summary is given in
Sec. VI.
II. AN ENTANGLING GATE BY A SINGLE
LASER PULSE ON BOTH QUBITS
In this section, we show how quantum interference be-
tween different off-resonant Rabi oscillations can faith-
fully lead to the following quantum gate
U1 =


1 0 0 0
0 eiα 0 0
0 0 eiα 0
0 0 0 eiβ

 , (3)
written in the ordered basis {|00〉, |01〉, |10〉, |11〉}. Sev-
eral possible sets of values for α and β, determined by Ω,
∆, and V , can be easily found on a desktop computer,
as shown later. By using the single-qubit phase gates
|1〉 → e−iα|1〉 (4)
for both the control and target qubits, the gate in Eq. (3)
becomes diag{1, 1, 1, ei(β−2α)}, which is an entangling
gate when β − 2α is not a multiple of 2π.
The gate U1 is implemented by applying a laser to the
two qubits for the excitation |1〉 → |r〉, where |r〉 is a
Rydberg state. After performing dipole approximation
and rotating wave approximation in the rotation frame,
the Hamiltonian becomes,
Hˆ = Ω(|0r〉〈01|+ |r0〉〈10|+H.c.)/2
+∆(|0r〉〈0r| + |r0〉〈r0|)
+Hˆv1, (5)
where Hˆv1 is the Hamiltonian for the input state |11〉,
given by
Hˆv1 =

 V + 2∆ Ω/
√
2 0
Ω/
√
2 ∆ Ω/
√
2
0 Ω/
√
2 0

 , (6)
in the basis of |rr〉, (|1r〉 + |r1〉)/√2, and |11〉. We
have assumed real laser Rabi frequencies in the equa-
tions above for simplicity; their phases become impor-
tant when we study the Doppler dephasing later. For the
widely used rubidium and cesium atoms, the qubit states
|0〉 and |1〉 can be two hyperfine ground states with an en-
ergy separation of several gigahertz. The Rydberg state
|r〉 can be a high-lying s- or d-orbital Rydberg state that
is easily excited by two-photon excitation via a largely
detuned low-lying p-orbital intermediate state. To avoid
spontaneous emission from the intermediate state, a large
gigahertz-scale detuning is necessary [20–23, 25]. Be-
cause the dipole moment between the low-lying interme-
diate state and |r〉 is quite small, the value of a practical
Ω can not be very large. For this reason, we will assume
that the two-photon Rydberg Rabi frequency Ω is smaller
than 10×2πMHz for a practical assessment of the achiev-
able gate fidelity [15, 28]; in the numerical analysis of the
gate fidelity, we will be more conservative and use an Ω
up to 0.8 × 2π MHz that has been realized in quantum
4gates with Rydberg states of principal quantum numbers
around 100 [22].
Among the four input states, the state |00〉 remains
unchanged because the qubit state |0〉 is not optically
pumped. For the other input states, {|01〉, |10〉} and |11〉
are governed by different Hamiltonians, and we will study
their dynamics successively for each case.
A. Phase accumulation of {|01〉, |10〉} in response to
detuned Rabi oscillations
According to Eq. (5), the time dynamics should be
similar for the two input states |01〉 or |10〉. Taking |01〉
as an example, we cast the Hamiltonian for it into the
form of a matrix,
Hˆ =
(
∆ Ω/2
Ω/2 0
)
(7)
in the basis |0r〉 and |01〉. The above Hamiltonian can be
diagonalized with two Stark-shifted eigenstates, between
which there is a transition frequency Ω¯ ≡ √Ω2 +∆2, as
shown in Fig. 1. By choosing the pulse duration to be
tg = 2Nπ/Ω¯, (8)
where N is an integer, the input state |ψ(0)〉 = |01〉 be-
comes [17]
|ψ(tg)〉 = eiα|01〉 (9)
when the optical pumping completes, where
α/π = −N(1 + ∆/Ω¯). (10)
The above process is free from Rydberg blockade, thus
its intrinsic accuracy is limited only by the fundamental
Rydberg-state decay. Figure 3 shows a numerical simu-
lation of the dynamics for the input state |01〉 using the
parameters listed in case 1 of Table I. One finds that
after four detuned Rabi cycles with period 2π/Ω¯, the
state returns to itself with a phase accumulation shown
in Eq. (10). |10〉 has a similar time evolution as the quan-
tum interference patterns are the same for |01〉 and |10〉,
shown in Fig. 2.
B. Phase accumulation of |11〉 in response to
detuned Rabi oscillations
For the input state |11〉, the Hamiltonian is given by
Hˆv1 in Eq. (6). Similar to Eq. (7), Hˆv1 can also be di-
agonalized as Hˆv1 =
∑
χ=1,2,3 ǫχ|vχ〉〈vχ|. As shown in
Sec. II A, it is the eigenvalues of the Hamiltonian that
matter in the time evolution. By using the Shengjin
equation for the cubic equation [36], the eigenvalues of
Hˆv1 are given by
ǫ1 = ∆+ [V − 2A cos θ]/3,
ǫ2(3) = ∆+ [V + 2A cos(θ ± π/3)]/3, (11)
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FIG. 3. Time evolution of the population and phase of the
two components |0r〉 [in (a)] and |01〉 [in (b)] in the wave-
function |ψ〉 during the gate sequence of U1 when the input
state is |01〉. The solid (dashed) curve denotes the popula-
tion (phase). Calculation is performed by using Eq. (5) with
the parameters in case 1 listed in Table I. Here arg(·) gives
the argument of a complex variable. The Hamiltonian evolves
the state |01〉 back to itself exactly. Similar behavior exists
for the input state |10〉. No population loss occurs for the
input states |01〉 and |10〉 when the Rydberg-state decay and
technical issues are ignored.
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FIG. 4. The solid and dashed curves show the population and
phase dynamics of the three components |rr〉, (|1r〉+|r1〉)/√2,
and |11〉 in (a), (b), and (c), respectively. This dynamics of
the wavefunction |ψ〉 occurs during the gate sequence when
the input state is |11〉 in the U1 gate. The population loss
is on the order of 10−10 at the end of the laser excitation.
Parameters are the same with those in Fig. 3.
5where
A =
√
V 2 + 3(Ω2 +∆2 +Ω∆),
θ =
1
3
arccos
B
2A 3
,
B = 27Ω2(V/2 + ∆) + 9(V + 3∆)(2∆2 + V∆− Ω2)
−2(V + 3∆)3. (12)
To prevent distraction from the main theory, the eigen-
vectors of Hˆv1 are not shown here. The initial state
|ψ(0)〉 = |11〉 can be written as
|ψ(0)〉 =
3∑
χ=1
αχ|vχ〉, (13)
where αχ are functions Ω, ∆, and V . During the gate
sequence, the above state becomes
|ψ(t)〉 =
3∑
χ=1
αχe
−itǫχ |vχ〉
= e−i(∆+V/3)t
3∑
χ=1
αχe
itCχ |vχ〉, (14)
where
C1 = 2A cos θ/3,
C2 = −2A cos(θ + π/3)/3,
C3 = −2A cos(θ − π/3)/3. (15)
In order to cause the state to return to the ground state
|11〉 after the laser pulse finishes, we consider the follow-
ing condition
tgCχ = 2Mχπ, (16)
where Mχ are integers for χ = 1, 2, and 3. Then, when
the laser excitation completes, the input state |11〉 be-
comes,
|ψ(tg)〉 = eiβ |11〉, (17)
where
β/π = −(∆ + V/3)tg/π, (18)
and the latter can be expressed as
β/π = −N [2∆/Ω¯ + 2V/(3Ω¯)] (19)
using Eq. (8).
Similar to Fig. 3, Fig. 4 shows a numerical simulation
of the dynamics for the input state |11〉 with the param-
eters adopted from case 1 of Table I. We find that the
population leakage out of the computational basis is on
the order of 10−10, which means that the rotation error
is negligible.
C. Accurate and rapid entangling gates without
individual addressing of atoms
When the Rydberg blockade V , the duration tg, the
Rabi frequency Ω, and the detuning ∆ of the laser satisfy
the conditions in Eqs. (8) and (16), a transformation of
Eq. (3) is realized. To minimize the gate error caused
by decay of Rydberg state, a comparatively small gate
time is preferred. For V , Ω, and ∆ on the order of 2π ×
10 MHz, a smallerN leads to shorter gate times. Because
it is difficult to analytically solve the set of equations in
Eqs. (8) and (16) for a chosen set of (N,M1,M2,M3), we
obtain a numerical solution as follows. We fix Ω/2π =
10 MHz, but vary ∆ and V when tg is given by Eq. (8),
so that the transformation in Eq. (9) with α given in
Eq. (10) is exact. An appropriate set of ∆ and V is
first determined by the criteria of smaller rotation error,
which is defined as
Ero = 1/4−
∣∣∣〈11|e−itgHˆv1 |11〉∣∣∣2 /4. (20)
To guarantee a large enough intrinsic gate fidelity, we not
only discard all cases with Ero > 10
−7, but also choose
cases with small enough Rydberg-state decay. An an-
alytical approximation for the decay error [37] is given
by
Ede = [Tr(01) + Tr(10) + Tr(11) + 2Trr(11)]/(4τ),(21)
where Tr(ab) is the time for the input state |ab〉 to be in
a state like |ar〉 or |rb〉, while Trr(11) is the time for the
input state |11〉 to be in |rr〉 during the gate sequence.
In Table I, we list three sets of V , Ω, and ∆ where
Ero < 10
−7 and Ede < 90 ns/τ , where τ is the lifetime of
the Rydberg state |r〉. For completeness, we also list the
gate times, the integers N andMχ, χ = 1−3, and β−2α.
All cases in Table I are entangling gates since the angle
β−2α 6= 2π. However, we note that, an exhaustive search
has not been done to obtain Table I, and in principle,
many other cases exist with a high fidelity and a large
gate speed. At a glance, it is strange to find a mismatch
between the ordering of the three sets according to tg
and that according to Ede in Table I. To understand this
mismatch, we note that both the detuning ∆ and the
Rydberg blockade V for case 2 are largest, so it has a
very small population in the Rydberg state. This is why
despite the longest gate duration for case 2, its decay
error is smaller than that of case 3.
We can ignore the rotation error since it is smaller than
10−7 for the cases in Table I. However, it is challenging
to realize a very large Ω to ensure a smaller gate time.
So, it is not practical to reduce the decay error beyond
10−6. Then, the intrinsic fidelity error is determined by
the decay error only
1−F = Ede, (22)
which is equal to 45.5 ns/τ for case 1 in Table I. For s or d
orbital Rydberg states with principal quantum numbers
around 100, their lifetimes are about 1 millisecond in a
6temperature of 4.2 K [38]. This means that the error
of the gate fidelity can reach 4 × 10−5 for case 1. We
note that even if it is difficult to have a Rabi frequency
of 2π × 10 MHz, a reduction by a factor of 10 of the
three parameters V , Ω, and ∆ (or only the parameter τ)
will increase the decay error by a factor of 10. This still
guarantees a gate fidelity of about 0.9991− 0.9995 for all
three cases in Table I.
In the analysis above, we have neglected the leakage of
population to other Rydberg states near |r〉. This is be-
cause as shown in [17], the leakage error can be made neg-
ligible by varying Ω slightly from the chosen value (when
∆ and V are changed with the same ratio for our gate).
The reason is that the leakage of population to a detuned
energy level is given by [x sin(y/x)]2, where y is the area
of the pulse, x = Ω/
√
Ω2 + δ2, and δ is the detuning
of a nearby Rydberg state [19]. This method can effec-
tively remove such population leakage especially because
nearby Rydberg states usually appear almost symmet-
rically in pairs around |r〉. Another method to reduce
such leakage error is by shifting away the nearby levels
via external fields [18]. By either of these methods, the
population leakage to nearby levels can be suppressed
and Eq. (22) gives the intrinsic fidelity error for our en-
tangling gates.
D. Construct a CZ from U1 and single-qubit gates
For neutral atoms, it is a well-established technique
to transform a CZ to a CNOT [21], which is the most
well-known entangling gate for forming a universal set
of quantum gates with single-qubit gates [30, 31]. For
this reason, we show how a CZ can be constructed from
U1 and single-qubit gates below, where U1 is given by
Eq. (3). Because different angles β − 2α in the U1 gate
require different numbers of U1, we choose the U1 with
parameter set 1 of Table I as an example.
We follow the method of Ref. [12] to show how a CZ is
obtained from U1. For brevity, we define
Pˆφ =
(
1 0
0 eiφ
)
(23)
as a phase shift gate, and Rˆn(θ) ≡ e−iθn·(xσ1+yσ2+zσ3)/2
as a rotation of angle θ around the axis n, where σj is
the Pauli matrix with j = 1 − 3. We further define the
following phase change on the qubits:
Oˆ1 = [Pˆ−β/2]c ⊗ [Pˆ−α]t,
Oˆ2 = [Pˆ−β ]c ⊗ [Pˆ−2α]t, (24)
and construct a controlled-π rotation about z by using
the following two gates:
Oˆ1U1 = |0〉〈0| ⊗ Iˆ + |1〉〈1| ⊗ Rˆz(β − 2α),
Oˆ2U
2
1 = |0〉〈0| ⊗ Iˆ + |1〉〈1| ⊗ Rˆz(2β − 4α). (25)
Here the subscript c (t) denotes the control (target)
qubit, and the operator left (right) of “⊗” acts on the
control (target) qubit. The reason for constructing Oˆ2U
2
1
is as follows. According to Ref. [12], it is necessary
to distinguish whether |α − β/2| is larger than π/6; if
not, at least four U1 gates are needed. A special case
of |α − β/2| = 2π/3 has been studied in [12]. Because
|α−β/2| < π/6 for the parameter set 1 in Table I, a new
rotation with twice of the angle |α − β/2| that is larger
than π/6 is needed. For this reason, we should operate
two U1 so that we get U
2
1 ; In our interference method,
this can be done by doubling the pulse duration so that
the angles α and β in Eq. (3) are doubled.
Five steps can form a CZ starting from the two
controlled-rotations in Eq. (25). To do this, we need
two single-qubit gates Aˆ and Bˆ for the target qubit and
a phase gate Pˆπ/2 for the control. (i) First, apply Aˆ to
rotate the axis of the rotation operator Oˆ1U1 from z to
n2. (ii) Next, combine Oˆ1U1 with the gate from the first
step to get a controlled rotation of angle π + 2(2α− β)]
about an axis n12. (iii) Apply Bˆ to rotate the axis of
the rotation operator of the second step from n12 to z.
(iv) Combine the rotation obtained in the last step and
Oˆ2U
2
1 . (v) Apply the phase gate Pˆπ/2 for the control
qubit. These steps can be represented mathematically
by
CZ = [Pˆπ/2 ⊗ Iˆ]Dˆ(Oˆ2U21 ), (26)
where Dˆ represents steps (i), (ii), and (iii), and is given
by
Dˆ =
{
[Iˆ ⊗ Bˆ][Oˆ1U1(Iˆ ⊗ Aˆ)Oˆ1U1(Iˆ ⊗ Aˆ†)][Iˆ ⊗ Bˆ†]
}
.
As shown in Appendix A, one can solve for Aˆ = Rˆy(θ1)
and Bˆ = Rˆz(θ3)Rˆy(θ2), where
θ1 = arccosa,
θ2 = arccos
sin (β − 2α) (1 + a)
2 cos (2α− β) ,
θ3 = arctan
2 sin2
(
β
2 − α
)
sin (β − 2α) ,
a =
cos2
(
β
2 − α
)
+ sin (2α− β)
sin2
(
β
2 − α
) . (27)
The angle θ1 is a function of β/2−α, and the above solu-
tion applies for β/2− α > π/8. Details of the derivation
for the above angles and the expressions for n2 and n12
are given in Appendix A.
The above method demonstrates the basic procedure
for constructing a CZ from U1 and single-qubit gates,
and can be used for any U1 gate with a specific β − 2α.
For instance, to construct a CZ from Oˆ1U1 of case 2 in
Table I, we only need two Oˆ1U1 because |β − 2α| > π/2.
The following four steps achieve this: use a single-qubit
7gate Aˆ′ for the target to rotate the axis of the rotation
Oˆ1U1 from z to n
′
2, combine it with another Oˆ1U1 to
form a rotation of angle π around the axis n′12, then use
Bˆ to rotate the axis from n′12 back to z, and finally use
a phase shift gate for the control qubit to reach a CZ.
Similar methods shown in Appendix A can be used to
find Aˆ′, Bˆ′, n′2 and n
′
12.
III. AN ENTANGLING GATE BY ONE LASER
PULSE ON EACH OF THE TWO QUBITS
In this section, we show how quantum interference be-
tween different off-resonant Rabi oscillations can lead to
the following quantum gate
U2 =


1 0 0 0
0 eiα 0 0
0 0 eiγ 0
0 0 0 eiβ

 (28)
written in the ordered basis {|00〉, |01〉, |10〉, |11〉}. By
using single-qubit phase gates,
|1〉c → e−iγ |1〉c, |1〉t → e−iα|1〉t, (29)
the gate in Eq. (28) becomes U ′2 =diag{1, 1, 1, ei(β−α−γ)}.
The angle β − α − γ can be tuned to a desired value in
(0, 2π) by adjusting the laser parameters and the Ryd-
berg blockade used in the protocol. We would like to
obtain a high enough fidelity for the process, but this
would impose strict gate times and achievable values of
β − α − γ. By a simple numerical search, we find that
β − α − γ can be tuned with a high accuracy to ±π/2,
then, two U ′2 can be used to construct a CZ. Compared
to U1, this method of realizing the CZ is relatively sim-
ple, but it comes with the complexity of single-site qubit
addressing.
The gate is implemented by applying on each of the
two qubits one laser pulse for the excitation |1〉 → |r〉.
The pulse duration tk, Rabi frequency Ωk, and detuning
∆k of the laser for the qubit k can be adjusted, where
k = c or t. After performing dipole approximation and
rotating wave approximation in the rotating frame, the
Hamiltonian reads,
Hˆ = Hˆc + Hˆt + Hˆv. (30)
Here ,
Hˆc =
{
Ωc
2 (|r0〉〈10|+H.c.) + ∆c|r0〉〈r0|), for t ∈ [0, tc],
0, otherwise,
Hˆt =
{
Ωt
2 (|0r〉〈01|+H.c.) + ∆t|0r〉〈0r|), for t ∈ [0, tt],
0, otherwise.
(31)
We define Min(x, y) as a function that returns the smaller
of x and y. For t ∈ [0,Min(tc, tt)], Hˆv is given by
Hˆv2 =


V +∆c +∆t Ωt/2 Ωc/2 0
Ωt/2 ∆c 0 Ωc/2
Ωc/2 0 ∆t Ωt/2
0 Ωc/2 Ωt/2 0

 , (32)
written in the basis of {|rr〉, |r1〉, |1r〉, |11〉}. However,
Hˆv becomes
Hˆvt =


V +∆t Ωt/2 0 0
Ωt/2 0 0 0
0 0 ∆t Ωt/2
0 0 Ωt/2 0

 (33)
for the duration [tc, tt] if tc < tt, and
Hˆvc =


V +∆c 0 Ωc/2 0
0 ∆c 0 Ωc/2
Ωc/2 0 0 0
0 Ωc/2 0 0

 (34)
for the duration [tt, tc] if tt < tc.
Because the two cases in Eqs. (33) and (34) are equiv-
alent, we consider the case in Eq. (33) as an example.
Furthermore, we impose the following condition: when
the laser excitation on the control qubit completes, there
is no population in either |rr〉 or |r1〉 so that Eq. (33)
becomes
Hˆvt =
(
∆t Ωt/2
Ωt/2 0
)
(35)
in the basis of {|1r〉, |11〉}.
A. Phase accumulation of {|01〉, |10〉}
Following the study in Sec. II A, the pulse durations
for the control and target are chosen as
tc = 2Ncπ/Ω¯c,
tt = 2Ntπ/Ω¯t, (36)
where Nc and Nt are integers, and
Ω¯c =
√
Ω2c +∆
2
c ,
Ω¯t =
√
Ω2t +∆
2
t .
Similar to the derivation of Eq. (10), one finds that the
angles α and γ in Eq. (28) are given by
α/π = −Nc(1 + ∆c/Ω¯c),
γ/π = −Nt(1 + ∆t/Ω¯t). (37)
8B. Phase accumulation of |11〉
For tc < tt, the time evolution of |11〉 is governed by
Eq. (32) when t ∈ (0, tc], and by Eq. (35) when t ∈
(tc, tt] if there is no population in either |rr〉 or |r1〉
upon the completion of the laser excitation on the control
qubit. This latter condition can be written as
0 =
∣∣∣〈rr|e−itcHˆv2 |11〉∣∣∣2 ,
0 =
∣∣∣〈r1|e−itcHˆv2 |11〉∣∣∣2 . (38)
At the end of the laser excitation for the target qubit, it
is also necessary to have the following condition
1 =
∣∣∣〈11|e−i(tt−tc)Hˆvte−itcHˆv2 |11〉∣∣∣2 . (39)
Finally, in order to reach the phase accumulation β−α−
γ = ±π/2 with β given by
β = arg
[
〈11|e−i(tt−tc)Hˆvte−itcHˆv2 |11〉
]
,
where arg(·) returns the argument of a complex variable,
we need
β = ±π/2 + α+ γ. (40)
C. Realize U2 with individual qubit addressing
For any given (α, γ, β), U2 is achievable as long as there
are solutions, (Ωc,∆c,Ωt,∆t, V,Nc, Nt), to the six equa-
tions in Eqs. (37), (38), (39), and (40). Given the fact
that there are six equations with seven variables, vari-
ous solutions exist for a pure mathematical argument.
However, if the gate time is too large, sizable Rydberg-
state decay arises which reduces the fidelity of the gate.
Thus, we would like to find solutions for short enough
gate times where the rotation error is minimal. To do
this, a numerical search can be employed as described in
Sec. II C.
To quantify the rotation error of the gate fidelity in
the computer search, we use the following definition of
the rotation error for numerical calculation [39],
Ero = 1− 1
20
[
|Tr(U †2U2)|2 +Tr(U †2U2U †2 U2)
]
, (41)
where U2 is the actual gate in the matrix form shown in
Eq. (28), and Tr denotes the trace of a matrix. Because
the numerical search starts from setting the gate times
in Eq. (36) with the corresponding angles α and γ in
Eq. (37), U2 has the form of diag{1, eiα, eiγ , ǫeiβ′}, where
ǫ can be smaller than the desired value of 1 and β′ can
deviate from β. Then, the intrinsic rotation error is given
by
Ero = 1− 1
20
[∣∣∣3 + ǫeiβ′−iβ∣∣∣2 + 3 + ǫ2] .
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FIG. 5. (a) and (b) show the time evolution of the popula-
tion (by solid curves) and phase (by dashed curves) of the
components |0r〉 and |01〉, respectively, when the input state
is |01〉 during the gate sequence of U2. (c) and (d) show the
time evolution of the population and phase of the compo-
nents |r0〉 and |10〉, respectively, when the input state is |10〉.
Calculation is performed by using the parameters in case 1
listed in Table II with the phases of Ωc and Ωt equal to pi
and 0, respectively (their phases can be arbitrary). No popu-
lation loss occurs for the input states |01〉 and |10〉 when the
Rydberg-state decay and technical issues are ignored.
Note that for the study of U1 in Sec. II, the intrinsic
rotation error arises solely from the population leakage
because there is no error in the angles (α, β).
Several hours of search performed on a desktop com-
puter resulted in four sets of parameters, shown in Ta-
ble II. In the numerical search, we restrict the Rabi fre-
quencies to be less or equal to 10× 2π MHz. Cases with
rotation errors above 10−5 and with decay errors over
150ns/τ were discarded. The detunings (∆c,∆t) and
vdWI V for the two cases 1 and 2 (or 3 and 4) in Ta-
ble II are opposite to each other, and the only observable
difference between the two quantum gates is in the angle
β − α − γ. At a glance, these two cases in Table II are
equivalent to each other since both of them result in an
angle β−α− γ = ±π/2. The reason to list both of them
is that for a chosen Rydberg state |r〉, V is either positive
9Case |Ωc|
2pi
(MHz) ∆c
2pi
(MHz) |Ωt|
2pi
(MHz) ∆t
2pi
(MHz) V
2pi
(MHz) β−α−γ
pi
(Nc, Nt) (tc, tt) (ns) Ero Ede
1 5.306482 0.8152206 10 3.329994 -5.442221 4.5 (1, 2) (186, 190) 3.80 × 10−6 86.8ns/τ
2 5.306482 -0.8152206 10 -3.329994 5.442221 1.5 (1, 2) (186, 190) 3.80 × 10−6 86.8ns/τ
3 3.331812 0.7475813 10 1.825131 -3.418967 4.5 (1, 3) (293, 295) 3.42 × 10−8 140ns/τ
4 3.331812 -0.7475813 10 -1.825131 3.418967 3.5 (1, 3) (293, 295) 3.42 × 10−8 140ns/τ
TABLE II. Two sets of parameters |Ωc|,∆c, |Ωt|,∆t, V , and Nc, Nt for realizing U2 that satisfy Eq. (37) exactly, and simul-
taneously satisfy Eqs. (38), (39), and (40) approximately with a rotation error small than 10−5. A simultaneous scaling up or
down of |Ωc|,∆c, |Ωt|,∆t, and V can still give rise to the same gate. Note that the phases of Ωc and Ωt can be arbitrary.
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FIG. 6. (a), (b), (c), and (d) show the time evolution of the
population (by solid curves) and phase (by dashed curves) of
the four components |rr〉, |1r〉, |r1〉, and |11〉 in the wavefunc-
tion |ψ〉 during the gate sequence when the input state is |11〉
for the U2 gate. Calculation is performed by using the same
set of parameters as used in Fig. 5. The population loss is on
the order of 10−6 at the end of the laser excitation.
or negative. Then, the two pairs for cases (1,2) and (3,4)
in Table II reveal that for any chosen Rydberg state, it
is possible to achieve the U2 gate with a high accuracy.
As an example, we take the parameters in case 1 of
Table II to demonstrate how the gate works. The time
evolution of the three input states |01〉, |10〉, and |11〉 is
given in Figs. 5 and 6. Although we have assumed that
the two external pulses on the control and target qubits
begin at exactly the same moment, we found that the
gate accuracy does not suffer if it is not strictly satisfied.
Again, we emphasize that the listed cases in Table II
may not be the only cases to realize U2. If we allow
larger rotation and decay errors, many more cases can
be found with gate errors on the order of 10−3 − 10−4
with experimentally feasible conditions. Furthermore, it
should be possible to find more high-fidelity gates U2 in a
more exhaustive numerical search. Here we have shown
the basic method to realize the interference quantum gate
based on Rydberg blockade, upon which experimentalists
can find a set of parameters in their own setup.
D. Construct a CZ from U2 and single-qubit gates
The method for constructing a CZ from U2 is much
simpler compared with that from U1. This can be done
by using two U2 when assisted by two phase gates defined
in Eq. (23). For each U2 in Table II, a CZ is realized by
applying a phase change operation on two subsequent U2
gates,
CZ = [Pˆ−2γ ]c ⊗ [Pˆ−2α]tU22 . (42)
If a CNOT is desired, two extra rotations of ±π/2 about
y axis in the target can be used.
In comparison to the relatively complex method of re-
alizing a CZ by using U1 shown in Sec. II D, the U2 gate
seems more favorable because it needs much fewer single-
qubit gates. However, the realization of U2 depends on
single-site addressability. So the U1 gate may be more
useful because it is easy to realize high-fidelity single-
qubit gates in arrays of neutral atom [7, 10].
IV. RESILIENCE TO MOTION-INDUCED
DEPHASING OF ATOMIC TRANSITIONS
The main advantage of the interference method is that
there is only one pulse of laser excitation for each qubit,
so that no gap time is allowed in which the qubit is left in
the Rydberg states. This is why the Doppler dephasing is
minimized [28]. To verify this assertion, we numerically
investigate the error of our gate protocols by consider-
ing, for example, a qubit system of two 87Rb atoms and
the Rydberg state |r〉 = |100s1/2,mJ = 1/2,mI = 3/2〉.
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FIG. 7. Scheme for realizing U1 by circularly polarized lasers.
(a) Geometry of the setup, (b) scheme of laser excitation, and
(c) state excitation for the input state |11〉 in the gate protocol
for U1.
(a)
z
x
FIG. 8. Scheme for realizing U1 or U2 by linearly polar-
ized (along z) lasers. (a) Method to split one laser beams
to two of equal strength for the realization of U1, (b) geome-
try of the setup for the atomic qubits, and (c) scheme of laser
excitation.
This Rydberg state is relatively high, but the excita-
tion of an even-parity Rydberg state of principal quan-
tum numbers around 100 has been achieved in, e.g.,
Refs. [21, 22, 40].
A proper investigation should be based on a practi-
cal atomic and optical configuration. In order to incur
a less severe Doppler dephasing, we consider the excita-
tion of Rydberg states by two counter-propagating laser
fields [2], shown in Fig. 7(a) and Fig. 8(b), where cir-
cularly and linearly polarized laser beams are employed,
respectively. The configuration in Fig. 7(a) is useful only
for U1, while that in Fig. 8(b) can also be used for U2.
Below, we study these two configurations separately since
they involve different laser excitations.
A. Qubit configuration for circularly polarized
lasers
First, we take the qubit states |0(1)〉 = |5s1/2, F =
1(2),mF = 0〉 [21] to study the laser and atomic con-
figuration for realizing U1. In this case, both the lower
and upper lasers should be right-hand circularly polar-
ized, shown in Fig. 7. When the traps are switched off
during the gate sequence, the drift of the qubits can
result in phase change of the Rabi frequency, which fi-
nally leads to population leakage and phase errors as
well. The larger the change of the atomic location along
the propagation of the laser fields, the more the error
will be. This means that if the drift speed of the qubit
is set, the worst Doppler dephasing occurs when the
qubit drifts along ±z. There are four possible worst
cases characterized by the drift speeds of the control
and target qubits (vc,vt) = (vz ,±vz)z and (−vz,±vz)z.
Here vz =
√
kBTa/ma is the root-mean-square speed of
the atom along the quantization axis (v2z = v
2/3), and
kB, Ta, andma are the Boltzmann constant, atomic tem-
perature, and the mass of a qubit, respectively.
From Fig. 7(a), one knows that the Rabi frequencies
for the control and target qubit are given by
Ωc(t) = Ωe
i(k1−k2)zc(t),
Ωt(t) = Ωe
i(k1−k2)zt(t), (43)
respectively, where
zc(t) = zc(0) + z · vct,
zt(t) = zt(0) + z · vtt. (44)
The reason to assume an equal magnitude of the laser
Rabi frequencies for the two qubits is as follows. We con-
sider that the lower and upper lasers in Fig. 7(a) are both
focused Gaussian beams [41], with the foci at (0, 0, L/2)
and a common radius of R = 10µm at their beam waist.
In this case, the strengths of the laser fields at the control
and target qubits are exactly the same if the two qubits
are at (0, 0, 0) and (0, 0, L). For qubit cooled around or
below 100µK, the deviation of the qubit location from
the center of the dipole trap is small enough so that
the strengths of the laser fields at the control and tar-
get qubits are still equal. To verify this argument, we
take the setup analyzed in [42] as an example, where
Ωc(t)/Ωt(t) is given by
|Ωc|
|Ωt| =
2∏
k=1
{
Z 2k + (zt − L2 )2
Z 2k + (zc − L2 )2
exp
[
Z
2
k
R2
(
x2t + y
2
t
Z 2k + (zt − L2 )2
− x
2
c + y
2
c
Z 2k + (zc − L2 )2
)]}
, (45)
where the subscript k = 1 and 2 refer to the lower and
upper lasers, respectively, and Zk = πR
2/λ2k. The wave-
lengths for the lower and upper lasers are (λ1, λ2) =
(795, 474) nm. Before and after the gate sequence, we
suppose that the control (target) qubit is trapped by an
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optical tweezer created by a single laser beam propagat-
ing along a direction slightly tilted down (up) from z.
By assuming the fluctuation of the qubit position along
x,y, and z to be within 0.3, 0.3, and 4µm [21, 42], re-
spectively, one can verify numerically that the average
value of |1− |Ωc|/|Ωt|| is below 10−6. Similar calculation
shows that both |1− |Ωc|/Ω| and |1 − |Ωt|/Ω| are below
10−7. In the presence of qubit drift and with the trap an-
alyzed later, vz is about 40 nm/µs when Ta = 10µK, thus
the changes in qubit coordinates are around 0.1 µm for a
gate cycle. Therefore, the fluctuation of the qubit posi-
tion along x,y, and z can still be assumed to be 0.3, 0.3,
and 4µm, and the analysis above is still applicable. So,
the deviation of the Rabi frequency from the desired one
only leads to an error that is much smaller than the decay
error, and can be ignored. In this case, the magnitudes
of Rabi frequencies in the two qubits are approximately
equal, as in Eq. (43).
B. Qubit configuration for linearly polarized lasers
The qubit states can also be |0(1)〉 = |5s1/2, F =
1(2),mF = 1(2)〉 [20]. In this case, both the lower and
upper lasers should be polarized along z, shown in Fig. 8.
This configuration is suitable for realizing U2. To use it
for U1, one can use a beam splitter to split one laser
beam to two and use a pair of mirrors to direct them to
the two qubits, shown in Fig. 8(a). In this configuration,
we assume that before and after the gate sequence, each
qubit is trapped by an optical tweezer created by a single
laser beam propagating along x. As analyzed in the text
below Eq. (45), the Rabi frequencies for both the control
and target qubits can be assumed equal. In the presence
of atomic drift, the Rabi frequencies for the control and
target qubit are given by
Ωc(t) = Ωc0e
i(k1−k2)xc(t),
Ωt(t) = Ωt0e
i(k1−k2)xt(t), (46)
respectively, where Ωc0 and Ωt0 are the Rabi frequencies
in the absence of Doppler dephasing, and
xc(t) = xc(0) + vct,
xt(t) = xt(0) + vtt, (47)
where vc, vt = ±
√
kBTa/ma when the Doppler dephasing
is maximal, as analyzed in Sec. IVA.
Because the configuration in Fig. 8(b) is useful for both
U1 and U2, we use it for the analysis of the gate fidelity
error. The protocols for U1 and U2 share a similarity
in that either qubit is pumped only by one laser pulse.
Then, the motion-induced dephasing should be similar
in these two protocols. Below, we take the protocol of
the U1 gate as an example and analyze its fidelity. In
particular, we take the parameter set 1 in Table I but
with reduced magnitude of Ω.
Gate Ω
2pi
(MHz) ∆
2pi
(MHz) V
2pi
(MHz) L (µm) tg (µs)
U1 0.8 -1.54016 2.814544 16.5 2.30476
TABLE III. Parameters for realizing U1 according to case 1
of Table I .
C. Numerical study of the gate fidelity error
In this section, we use numerical simulation to study
the fidelity of a U1 gate. We consider the gate parame-
ters in case 1 of Table I, where the interaction V is neg-
ative, and use the Rydberg state |r〉 = |100s1/2,mJ =
1/2,mI = 3/2〉 that has a positive interaction coeffi-
cient C6/2π = 56.2 THzµm
6 [43, 44]. So, we change the
signs of ∆ and V simultaneously for case 1 of Table I,
which corresponds to a similar gate with (β − 2α)/π =
−0.32457. Moreover, we use a Rabi frequency Ω/2π =
0.8 MHz. This requires to shrink both ∆ and V by a fac-
tor of 10/0.8. Then, a two-qubit spacing of L = 16.5µm
leads to the required V/2π = 2.81 MHz for this gate, see
Table III.
Below, we analyze several detrimental effects that arise
in the experimental realization of the gate. Among these
effects, only the finite rising and falling edge of the pulse
in Sec. IVC3 can be avoided by adjusting the pulse dura-
tion, while others should be considered in the numerical
study.
1. Degeneracy of Rydberg states
Population can go to states around the Rydberg state
|r〉 as a leakage that cause gate errors. There is
mainly one nearby Rydberg state, |d〉 = ζ1|98d3/2,mJ =
1/2,mI = 3/2〉 + ζ2|98d3/2,mJ = 3/2,mI = 1/2〉 +
ζ3|98d5/2,mJ = 1/2,mI = 3/2〉 + ζ4|98d5/2,mJ =
3/2,mI = 1/2〉 + ζ5|98d5/2,mJ = 5/2,mI = −1/2〉,
that is off-resonantly coupled to the qubit state |1〉 with
a detuning of about δd = 1.6 × 2π GHz. Here ζj ,
j = 1− 5, are determined by the selection rules and sat-
isfy the condition
∑
j |ζj |2 = 1. The next-nearest nearby
states that can be coupled are |99d3(5)/2,mJ ,mI〉, where
mJ +mI = 2, but with a much larger detuning of about
−5.6× 2π GHz, thus can be ignored.
The laser used for the excitation |1〉 ↔ |r〉 can also
couple the qubit state |0〉 with the Rydberg state |s〉 =
ζ6|99s1/2,mJ = −1/2,mI = 3/2〉 + ζ7|99s1/2,mJ =
1/2,mI = 1/2〉 with a detuning of δs = 520 × 2π MHz,
where |ζ6|2+ |ζ7|2 = 1. The next nearest Rydberg states
that can be coupled with |0〉 are |97d3(5)/2,mJ ,mI〉,
where mJ +mI = 2, but with a much larger detuning of
about 2.1×2π GHz. So, the main population leakage for
|0〉 goes to |s〉. Details for deriving the Rabi frequencies
Ωd and Ωs for the transitions |1〉 ↔ |d〉 and |0〉 ↔ |s〉
are given in Appendix B. Because the leakage error is on
the order of Ω2d(s)/δ
2
d(s), the nearby Rydberg states will
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induce an error smaller than 10−5 for Ω/2π = 0.8 MHz.
But if Rabi frequencies on the order of 10× 2π MHz are
used, one can use lower Rydberg states with larger δd(s)
so as to suppress the leakage error.
2. Decay of Rydberg states
The Rydberg states |r〉, |d〉, and |s〉 can decay to
nearby Rydberg states and ground states. For a rubidium
atom that has eight sublevels in its ground state, its Ry-
dberg state decays into |0(1)〉 with a probability of 1/8,
and into other states with a probability of 3/4 [37]. The
former process is much less detrimental as it functions
as a recycling for the qubit population. We introduce a
virtual auxiliary state |a〉 that |r〉, |d〉, and |s〉 decay into
with a full probability. Any population loss in |a〉 is per-
manent since it is not optically pumped. This model ig-
nores that |r〉, |d〉, and |s〉 can also decay to |0(1)〉, which
will slightly overestimate the gate error. The dissipative
dynamics is described with the optical Bloch equation in
the Lindblad form [45],
dρˆ
dt
= −i[Hˆ ′, ρˆ] + 1
τ
3∑
k=1
[
Gˆk ρˆGˆ
†
k −
1
2
{Gˆ†kGˆk, ρˆ}
]
,
(48)
where ρˆ is the density matrix of the system, Hˆ ′ is given
by
Hˆ ′ = Eq. (5) + Hˆc ⊗ 1ˆt + 1ˆc ⊗ Hˆt,
Hˆc|t = (Ωd|d〉〈1|+Ωs|s〉〈0|+H.c.)/2, (49)
where the subscript c (t) denotes control (target), and
Gˆ1 = |a〉〈r|, Gˆ2 = |a〉〈d|, Gˆ3 = |a〉〈s|. (50)
The density matrix in our model has 36 matrix ele-
ments, which is relatively large, and a solution to the
optical Bloch equation can be conveniently achieved by
the Monte Carlo wave-function approach [46]. An easy-
to-use toolbox for this purpose is QuTiP [47, 48]. Each
simulation step in this method is executed by choosing
a random number to see if a spontaneous decay hap-
pens. If the decay happens, the wavefunction is projected
to the corresponding state determined by the random
number; if it does not, the wavefunction evolves with a
non-Hermitian Hamiltonian Hˆ ′−i∑k Gˆ†kGˆk/2τ followed
by a normalization. For small decay rates of high Ryd-
berg states, the former process in the Monte Carlo wave-
function rarely happens during the sampling. For this
reason, one can also use the non-Hermitian Hamiltonian
to evolve the system wavefunction, but should omit the
normalization step to account for the population loss in
the whole system [18].
3. Finite rising and falling edge of laser pulse
The amplitude of the laser field usually has a finite
rising and falling edge of width Tedge. In Ref. [29], a
two-photon Rydberg π pulse of duration of 250 ns was
used with Tedge = 20 ns. We can also assume the laser
pulse has a finite rising and falling edge in our gate,
each with a duration of 20 ns. During the rising and
falling, the amplitude of the Rabi frequency changes
linearly between 0 and the desired magnitude. With this
alteration, the pulse duration determined by Eqs. (8)
and (16) no longer gives rise to the high fidelity predicted
in Table I. With the parameters given at the beginning
of Sec. IVC (see Table III), the the population loss av-
eraged over the four input states increases to 2.5× 10−3
if we still use a pulse duration of tg = 2304.76 ns as
given by Eq. (8). However, we can optimize the pulse
duration to compensate the influence of the rising and
falling of the laser pulse. Then, we find that with a
gate time top = 2324.76 ns, the population loss for the
gate is only 5.14 × 10−10, which is negligible. With the
optimized gate duration, the angles (α, β, β − 2α)
become (−0.4502974, 0.7748354,−0.3245698)π,
which are almost identical to their values
(−0.45030, 0.7748303,−0.3245697)π when the pulse
is square and has a duration of tg. So, an almost perfect
gate fidelity is recovered with the optimal pulse duration.
For this reason, we will still assume an ideal rectangular
pulse of duration tg in the numerical study below.
The trapezoidal pulse shape studied above is an exam-
ple to demonstrate that the finite rising and falling can
be compensated by adjustment of the pulse duration. In
real experiments, the pulse shape depends on the pa-
rameters of the apparatus and can be different from the
trapezoidal shape. Then, the value of gate time top can
be different from the optimal value studied above.
4. Phase fluctuation of the laser field
The gate fidelity can suffer from phase noise of the
laser fields [28, 29]. The natural linewidth of the laser
field can be suppressed below 1 kHz by a Pound-Drever-
MogLabs lock, but the noise above the lock bandwidth
is difficult to be suppressed. This can result in broad
peaks in phase noise around 1 MHz. But suppose
the noise is significant, we model the power spectral
density of the noise by using several discrete values
of frequency f according to the enhanced noise pro-
file, i.e., the dashed curve of Fig. 7(a) in Ref. [28]:
Sν(f) ≈ {3, 15, 25, 45, 70, 70, 10, 4} × 100 Hz2/Hz when
f = {0.1, 0.3, 0.5, 0.7, 0.9, 1, 1.1, 1.2} MHz. Then, the
random phase fluctuation of the Rabi frequency is [28, 49]
φ(t) = 2
∑
f
√
Sν(f)/tg cos(2πft+ φf )/f, (51)
where φf is a random initial phase. In principle, the
noise of the lower and upper lasers should be considered
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independently, as shown by the blue and red curves of
Fig. 7(a) in Ref. [28]. For this reason, we use the en-
hanced noise in Eq. (51) to represent the phase noise of
the Rabi frequency.
5. Doppler dephasing and variation of vdWI in a thermal
optical trap
To proceed, Rabi frequencies given in Eq. (46) should
be used in the Hamiltonian Hˆ ′ of Eq. (48), where Hˆv1 in
Hˆ ′ should be replaced by Hˆv2 defined in Eq. (32) for the
sake of Doppler dephasing. With the motion of the qubit
included as in Eq. (47), the actual fidelity error of the
entangling gate U1 can be numerically studied. Because
of the Doppler dephasing, the realized angles α′ and β′
can deviate from the desired angles α and β in Eq. (3),
and there can be population loss for the three input states
|01〉, |01〉, and |11〉 as well. Then, we can use Eq. (41)
to evaluate the gate fidelity by considering the position
uncertainty of the qubits and the drift of the qubits; while
both of these two are related with variation of vdWI, only
the latter is related with the Doppler dephasing.
In order to characterize the thermal fluctuation of the
qubit positions at the beginning of each gate cycle, we
give a detailed account of the optical tweezers that trap
qubits before and after the gate sequence. Each opti-
cal tweezer is created by a single laser beam with wave-
length λ and waist w that propagates along x. The
parameters characterizing a trap include the trap depth
U , the oscillation frequencies {ωx, ωy, ωz}, and the aver-
aged variances {σ2x, σ2y , σ2z} of the qubit position. The
position distributions of the two qubits are modeled
by Gaussian functions with variance {σ2x, σ2y, σ2z}, where
σ2y = σ
2
z =
w2
4
Ta
U , σ
2
x = ξ
2σ2y , and ξ =
√
2πw/λ, where
U and ξ are the potential depth and anisotropy factor of
the trap, respectively [50]. We set {w, λ} = {3.0, 1.1}µm
and assume an experimentally feasible trap depth of
U/kB = 20 mK [2] in the Monte Carlo sampling for the
position distribution of qubits [17, 19, 51, 52].
With the initial location of the qubits rc and rt de-
termined by the above sampling method, the drift of the
qubit is further considered according to Eq. (46). In a
temperature of 4.2 K, the lifetime for |r〉 is 1.2 ms [38],
which leads to a small decay error of about 5× 10−4 for
the gate with parameters in Table III. We consider two
cases in Monte Carlo simulation: Maximal Doppler de-
phasing and maximal variation of vdWI. The first case
corresponds to that both qubits drift along x so that
the change of the phase of the Rabi frequency is maxi-
mal. The second case corresponds to that the qubits drift
along z so that the change of vdWI is maximal.
a. Results by laser fields without phase noise. First
of all, we assume the laser fields are free from any phase
noise. This is done by omiting the phase noise of Eq. (51)
in the simulation.
In the case of maximal Doppler dephasing, we fur-
ther consider four different conditions of the qubit drift:
0
1
2
3
Effective temperature
2 4 6 8 10
0
2
4
(a)
(b)
FIG. 9. Error (scale up by 100) of the gate fidelity as a func-
tion of atomic temperature for the U1 gate with (Ω, V )/2pi =
(0.8, 2.81) MHz and tg ≈ 2.3 µs (see Table III). In (a),
four combinations of the qubit drift speeds are considered:
(vc,vt) = (±vx,±vx)x. These four cases result in maximal
Doppler dephasing because the qubits drift along the direction
of the laser fields. In (b), two cases are considered:(vc,vt) =
(vz,−vz)z and (−vz, vz)z. These two cases correspond to that
the two qubits approach and depart from each other, respec-
tively, which should result in maximal variation of vdWI [19].
The error 1 − F includes Rydberg-state decay, population
leakage to nearby Rydberg states, variation of vdWI, and
Doppler dephasing. The thermal distribution of the initial
qubit location is simulated by assuming optical dipole traps
created by single lasers propagating along x, see Fig. 8; the
distribution is numerically simulated by Monte Carlo integra-
tion.
(vc,vt) = (vx,±vx)x and (−vx,±vx)x, where vx =√
kBTa/ma as introduced above Eq. (43). These four
cases lead to slightly different errors in the angles α and
β because the change of the phases in the Rabi frequen-
cies differs among them. Due to the slow convergence of
the numerical simulation, we present results for a discrete
set of atomic temperatures Ta ∈ [1, 10] µK in the simu-
lation. Although an atomic temperature of several µK is
quite low, it is not an unachievable value as it was demon-
strated in recent Rydberg-gate experiments [25, 26]. As
shown in Fig. 9(a), the gate errors are below 10−2 when
Ta < 2µK, and the increase of the dephasing error is slow
when the atomic temperature increases.
In the case of maximal variation of vdWI, we only con-
sider two conditions of the qubit drift: the two qubits
approach or depart from each other along z. These two
cases correspond to the maximal variation of vdWI. Us-
ing a numerical method similar to that for Fig. 9(a), the
fidelity error was calculated and shown in Fig. 9(b). Each
gate error in Fig. 9(b) is slightly bigger than its coun-
terpart in Fig. 9(a). When the six cases in Fig. 9(a)
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FIG. 10. Fidelity error (scale up by 100) of the U1 gate with
the phase noise of Eq. (51) included. Other error sources
considered in Fig. 9 are incorporated with a similar numerical
method, except that the random initial qubit locations are
treated by averaging over several possible locations. The same
parameters as in Fig. 9 are used here. Similar to Fig. 9(a)
and 9(b), (a) and (b) correspond to the maximal Doppler
dephasing and maximal variation of vdWI, respectively. Each
data point is averaged over 1000 sets of {φf} in Eq. (51).
and 9(b) are averaged, the gate error at Ta = 1 µK is
about 5×10−3. For any drift configuration different from
those studied in Fig. 9, the gate error should be bounded
below the bigger value shown there. The result in Fig. 9
means that a gate fidelity larger than 0.99 is achievable
only by cooling atoms to 2µK or below.
b. Results by laser fields with phase noise. Below,
we show results when the Rabi frequencies have phase
noise as described in Eq. (51). The time-dependent phase
φ(t) in Eq. (51) will result in a much worse damping to
the Rabi oscillations between the ground and Rydberg
states. Because the initial term φf for each f in φ(t)
is random, it is necessary to choose enough different φf
for the numerical simulation to converge. We found that
about 1000 sets of φf are necessary to reach a stable
simulation result when we do not consider the random
distribution of the qubit locations. However, if we still
use the Monte Carlo sampling for the initial locations of
the two qubits, the simulation tends to run forever. Then,
the random locations of the qubits at the beginning of the
gate sequence are approximated by the following method:
the coordinates, (x, y, z), of each qubit take three possible
set of values, (±σx, 0, 0) and (0, 0, 0), and the simulation
result is averaged with a weighting function defined by
the Gaussian trap. We use this approximation because
the fluctuation along y and z is much smaller than that
along x for the configuration of Fig. 8(b).
With the same set of parameters used in Fig. 9, Fig. 10
shows the gate errors with phase noise incorporated. In
particular, Figs. 10(a) and 10(b) show the results with
maximal Doppler dephasing and maximal variation of
vdWI, respectively. One finds that the gate fidelity has
an error of about 20%, an order of magnitude larger than
those in Fig. 9. This large damping is in consistent with
the result shown in Fig. 7(c) of Ref. [28] with a similar
laser excitation time of about 2 µs.
6. Prospects for high-fidelity gates
A comparison between Figs. 9 and 10 shows that un-
less the laser noise is sufficiently suppressed, the best
gate fidelity will be only 0.8, in consistent with a recent
experiment [26]. In the simulation for Fig. 10, we have
used the enhanced spectral density in Eq. (51). But if
it is reduced by several orders, for example, according to
the dark gray curve of Fig. 7(a) in Ref. [28], the damp-
ing effect will be substantially reduced. Furthermore,
The authors of Ref. [29] have recently demonstrated a
suppression of such noise by more than 16 folds, thus it
should be possible to achieve the gate performance shown
in Fig. 9.
Figure 9 shows that with Ω/2π = 0.8 MHz, the gate
fidelity is only about 0.995 even if Ta = 1 µK, which is
limited mainly by the qubit motion. The error can be
suppressed by improved trapping and cooling of atoms.
For example, if atoms can be cooled to their vibrational
ground states [53–55], the qubits will stay very near to
the trap centers, which can lead to smaller gate error
caused by variation of vdWI. Furthermore, the colder
the qubits are, the less severe the Doppler dephasing will
be due to slow drift of qubits. However, it is nontriv-
ial to cool atoms to very low temperatures. The main
advantage of our interference method is that when the
qubits are not sufficiently cooled, the gate can still at-
tain a large fidelity. The issue with Fig. 9 is that its gate
time is more than 2 µs, which inevitably leads to large
Doppler dephasing [28]. Supposing a Rabi frequency of
about 10 × 2π is available, we found that a gate with
F > 0.999 is attainable even for Ta ≈ 25µK [56] if laser
phase noise is suppressed, which is sufficient for fault-
tolerant quantum computing based on certain strict as-
sumptions [57].
V. DISCUSSION
In this work, we have restricted our attention to two-
qubit quantum gates and have shown that it is possible
to construct a two-qubit entangling gate with a high fi-
delity in ultracold neutral atoms. Although the universal
set formed by any two-qubit entangling gate and a small
number of single-qubit gates is most popular [30, 31], it is
not easy to use it for all tasks in a quantum circuit. For
example, sometimes a large number of two-qubit gates
are needed to construct even one three-qubit gate. For
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this reason, it is useful to find simple ways to realize
multi-qubit gate [58–61]. In principle, our method can
be extended to multi-qubit gate; it is computationally
more demanding to find a set of practical parameters
for a high-fidelity multi-qubit gate realized with a single
pulse. We leave this open for future study.
The gate examples U1 and U2 in this work are based
on a pure excitation blockade mechanism. For neutral
Rydberg atoms, however, there are a rich variety of in-
teractions, such as the first-order dipole-dipole interac-
tion [62–65] and the vdWI-based noncollinear interac-
tion [52]. For the former type, usually multiple pairs of
dipole-dipole processes exist, and it is necessary to isolate
limited ones to implement a quantum gate [18, 62, 66, 67].
In this case, it becomes possible to use the isolated dipole-
dipole flip to construct high-fidelity entangling gates, pro-
vided ground-state cooling of qubits is available [17].
Moreover, the recently found noncollinear interaction
based on vdWI exhibits extra flexibility in designing Ryd-
berg quantum gates [52]. When the interference method
in this work is used with the direct dipole-dipole and
vdWI-based noncollinear interactions, it should be pos-
sible to find entangling gates that are more resilient to
atomic motion-induced Doppler dephasing.
VI. CONCLUSIONS
We show that quantum interference in detuned Rabi
oscillations of Rydberg atoms can lead to entangling
gates of high intrinsic fidelity. Such gates are realized by
sending to each of the qubits a single pulse of laser exci-
tation, thus is subjected to a minimal Doppler dephasing
of the transition between ground and Rydberg states. In
this off-resonance interference method, the population in
Rydberg states is small, so that the Rydberg-state decay
error is tiny. Furthermore, the off resonance of the quan-
tum oscillations arises not only because of vdWI, but also
due to the detuning of the laser, thus the gate error due to
the variation of the latter is small. Most importantly, the
interference method does not require vdWI to be much
smaller than the Rabi frequency, thus warrants a fast gate
speed. These several advantages lead to a high fidelity in
our method. Our numerical study shows that for a laser
Rabi frequency below 1 × 2π MHz, an entangling gate
with fidelity larger than 0.99 is possible only by cooling
qubits below 2 µK. Larger gate fidelity is achievable ei-
ther by stronger laser powers for achieving faster gates,
or by more adequate cooling. The prospect of realizing
an accurate entangling Rydberg gate with minimal tech-
nical difficulty puts arrays of ultracold neutral atoms in
the forefront of quantum information science.
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Appendix A: Derivation of Eq. (26)
In this appendix, we give the details to derive Eq. (26).
With basis {|0〉, |1〉} for the control or target qubit, we
define the phase shift gate
Pˆφ =
(
1 0
0 eiφ
)
. (A1)
Define the following phase change on the qubits:
Oˆ1 = [Pˆ−β/2]c ⊗ [Pˆ−α]t,
Oˆ2 = [Pˆ−β ]c ⊗ [Pˆ−2α]t, (A2)
where the operator left (right) of ‘⊗’ operates on the
control (target) qubit. The above gates change Eq. (3)
to
Oˆ1U1 = |0〉〈0| ⊗ Iˆ + |1〉〈1| ⊗ ei(α−β/2)σ3 . (A3)
and U21 to
Oˆ2U
2
1 = |0〉〈0| ⊗ Iˆ + |1〉〈1| ⊗ ei(2α−β)σ3 . (A4)
In order to construct a CNOT from Eq. (25), U1 (with
the case 1 of Table I), and single-qubit gates, we need
the following gate
Gˆ1 = |0〉〈0| ⊗ Iˆ + |1〉〈1| ⊗ e[−iπ/2−i(2α−β)]σ3 , (A5)
so that Gˆ1Oˆ1U
2
1 becomes |0〉〈0| ⊗ Iˆ + |1〉〈1| ⊗ e−iπσ3/2.
Gˆ1 can be derived by following exercise 4.15 of Ref. [31].
Because |π/2 + (2α − β)| < |2α − β|, Gˆ1 is formed by
using two U1 when assisted by appropriate single-qubit
gates Aˆ and Bˆ:
Gˆ1 = [Iˆ ⊗ Bˆ][Oˆ1U1(Iˆ ⊗ Aˆ)Oˆ1U1(Iˆ ⊗ Aˆ†)][Iˆ ⊗ Bˆ†],
where the conjugation of Aˆ in Oˆ1U1 rotates the axis of
the rotation operator Oˆ1U1, while that of Bˆ rotates the
axis back to z. To solve Aˆ and Bˆ, we start from the
fact that [Oˆ1U1(Iˆ ⊗ Aˆ)Oˆ1U1(Iˆ ⊗ Aˆ†)] must represent a
controlled rotation of angle −2[−π/2−(2α−β)] about an
axis n12, and (Iˆ⊗ Aˆ)Oˆ1U1(Iˆ⊗ Aˆ†) is a rotation of β−2α
around n2, where the rotation axis n2 and n12 are to be
solved. By using Eqs. (4.21) and (4.22) of Ref. [31] we
have
cos
(π
2
+ 2α− β
)
= cos2
(
β
2
− α
)
− sin2
(
β
2
− α
)
n2 · z, (A6)
sin
(π
2
+ 2α− β
)
n12 =
1
2
sin (β − 2α) (n2 + z)
− sin2
(
β
2
− α
)
n2 × z.(A7)
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The solution of n2 to Eq. (A6) is not unique. If β/2−α ∈
(−π, π)/2 and β/2 − α /∈ (−3π/8, π/8), we can choose
n2 = az+
√
1− a2x, where
a =
cos2
(
β
2 − α
)
+ sin (2α− β)
sin2
(
β
2 − α
) . (A8)
Substitution of the above result into Eq. (A7) leads to
n12 =
sin (β − 2α)√1− a2
2 cos (2α− β) x
+
sin2
(
β
2 − α
)√
1− a2
cos (2α− β) y
+
sin (β − 2α) (1 + a)
2 cos (2α− β) z.
With n2 and n12 at hand, we can solve Aˆ and Bˆ. From
the fact that (Iˆ ⊗ Aˆ)Oˆ1U1(Iˆ ⊗ Aˆ†) is a rotation of β −
2α around n2 and by using Eq. (4.8) of Ref. [31], we
have Aˆσ3Aˆ
† = aσ3 +
√
1− a2σ1. This leads to Aˆ =
e−iσ2 arccosa/2. Similarly, by using the equation Bˆ[n12 ·
(σ1x, σ2y, σ3z)]Bˆ
† = σ3, we obtain,
Bˆ = e−iθ3σ3/2e−iθ2σ2/2, (A9)
where θ2 and θ3 are given by
θ2 = arccos
sin (β − 2α) (1 + a)
2 cos (2α− β) ,
θ3 = arctan
2 sin2
(
β
2 − α
)
sin (β − 2α) . (A10)
In conclusion, with the U1 gate of case 1 in Table I, we
need four U1 and several single-qubit gates to construct
the controlled π-rotation about the z axis, i.e.,
|0〉〈0| ⊗ Iˆ + |1〉〈1| ⊗ e−iπσ3/2
= [Iˆ ⊗ Bˆ][Oˆ1U1(Iˆ ⊗ Aˆ)Oˆ1U1(Iˆ ⊗ Aˆ†)][Iˆ ⊗ Bˆ†]Oˆ2U21 .
(A11)
If we further use a phase gate Pˆπ/2 on the con-
trol qubit, one can construct a CZ, i.e., [Pˆπ/2 ⊗
Iˆ]·[Eq. (A11)]=CZ. To realize a CNOT, we need two
extra rotations of ±π/2 about y in the target, i.e.,
[Pˆπ/2 ⊗ e−iπσ2/4][Eq. (A11)][Iˆ ⊗ eiπσ2/4]=CNOT.
Appendix B: Rabi frequency for the
population-leaking channel
For the diagram in Fig. 8, the transition between |1〉 =
5s1/2, F = 1(2),mF = 1(2) and |r〉 has a Rabi frequency
Ω0 ≈


[
Ω
(3)
lowΩ
(3)
upp
2δ2-pho
]2
+
[
Ω
(2)
lowΩ
(2)
upp
2(δ2-pho + δHyp)
]2

1/2
,
(B1)
where Ω
(j)
low and Ω
(j)
upp are the Rabi frequencies of the lower
transition |1〉 ↔ |e〉 and upper transition |e〉 ↔ |r〉 via
the F = j hyperfine level of the 5P3/2 state, respectively.
Here δ2-pho is a GHz-scale detuning for the lower transi-
tion via the |5P3/2, F = 2〉 state, and δHyp is the energy
difference between the F = 2 and F = 3 hyperfine states,
which is only 267× 2π MHz for 87Rb [68]. According to
the Wigner-Eckart theorem,
Ω
(2)
low = −eElow(5P3/2, F = 2||r||5S1/2, F = 2)C2,1,22,0,2
= eElow(5P3/2||r||5S1/2)C2,1,22,0,2
×
√
10
{
1/2 3/2 1
2 2 3/2
}
,
Ω(2)upp = −eEupp(5P3/2||r||nS1/2)C1/2,1,3/21/2,0,1/2C
3/2,3/2,2
1/2,3/2,2
= eEupp(5P ||r||nS)C1/2,1,3/21/2,0,1/2C
3/2,3/2,2
1/2,3/2,2
×
√
6
{
1 0 1
1/2 3/2 1/2
}
,
Ω
(3)
low = −eElow(5P3/2, F = 3||r||5S1/2, F = 2)C2,1,32,0,2
= −eElow(5P3/2||r||5S1/2)C2,1,32,0,2
×
√
14
{
1/2 3/2 1
3 2 3/2
}
,
Ω(3)upp = −eEupp(5P3/2||r||nS1/2)C1/2,1,3/21/2,0,1/2C
3/2,3/2,3
1/2,3/2,2
= eEupp(5P ||r||nS)C1/2,1,3/21/2,0,1/2C
3/2,3/2,3
1/2,3/2,2
×
√
6
{
1 0 1
1/2 3/2 1/2
}
, (B2)
where n = 100, the doubled bars indicate the reduced
matrix element, e is the elementary charge, C is a
Clebsch-Gordan coefficient, {· · · } is a 6-j symbol, and
E is the field strength.
To study the Rabi frequency from |1〉 to |d〉 =
ζ1|98d3/2,mJ = 1/2,mI = 3/2〉 + ζ2|98d3/2,mJ =
3/2,mI = 1/2〉 + ζ3|98d5/2,mJ = 1/2,mI = 3/2〉 +
ζ4|98d5/2,mJ = 3/2,mI = 1/2〉 + ζ5|98d5/2,mJ =
5/2,mI = −1/2〉, we split |d〉 to two unnormalized parts,
|d〉 = |d1〉+ |d2〉, where |d1〉 = ζ1|98d3/2,mJ = 1/2,mI =
3/2〉 + ζ2|98d3/2,mJ = 3/2,mI = 1/2〉. The Rabi fre-
quency to |d1〉 can be represented by
Ωd1 = (ζ
2
1Ω
2
d1−1 + ζ
2
2Ω
2
d1−2)
1/2, (B3)
where ζ1 and ζ2 are given by the selection rules,
and Ωd1−1 and Ωd1−2 denote the transition fre-
quency to |98d3/2,mJ = 1/2,mI = 3/2〉 and
|98d3/2,mJ = 3/2,mI = 1/2〉, respectively,
both of which can be derived in a similar way
shown in Eqs. (B1) and (B2). When δ2-pho is
known, this method gives us an Ω0 that is a
function of ElowEupp(5P3/2||r||5S1/2)(5P ||r||nS),
and Ωd1−1 and Ωd1−2 are functions of
ElowEupp(5P3/2||r||5S1/2)(5P ||r||nD). One can eval-
uate |(5P ||r||98D)/(5P ||r||100S)| by resorting to
17
the the “open-source library for calculating prop-
erties of alkali Rydberg atoms” [69], or directly
by using the semiclassical approach in Ref. [70].
The Rabi frequency, denoted by Ωd2, from |1〉 to
|d2〉 = ζ3|98d5/2,mJ = 1/2,mI = 3/2〉+ ζ4|98d5/2,mJ =
3/2,mI = 1/2〉 + ζ5|98d5/2,mJ = 5/2,mI = −1/2〉
can be derived in a similar manner. Then, the Rabi
frequency from |1〉 to |d〉 is given by Ωd =
√
Ω2d1 +Ω
2
d2.
To estimate the Rabi frequency, Ωs, for the leaking
channel |0〉 → |s〉 = ζ5|99s1/2,mJ = −1/2,mI = 3/2〉+
ζ6|99s1/2,mJ = 1/2,mI = 1/2〉, where |ζ5|2 + |ζ6|2 = 1,
we note that the energy difference between the the F = 2
and F = 1 hyperfine states is only 157 × 2π MHz. So,
all the three hyperfine levels F = 1− 3 of the 5P3/2 state
contribute to population leakage. Using a similar method
shown above, one can derive a Rabi frequency Ωs that is
also a function of ElowEupp(5P3/2||r||5S1/2)(5P ||r||99S),
where |(5P ||r||99S)/(5P ||r||100S)| can be calculated in a
similar way for calculating |(5P ||r||98D)/(5P ||r||100S)|.
For n = 100 and δ2-pho/2π = 2 GHz, we found Ωd : Ω0 :
Ωs ≈ 2 : 1 : 0.84. When this relation is used in the
numerical simulation, the phases of the Rabi frequencies
Ωd and Ωs are also subject to the Doppler dephasing as
discussed in Sec. IVC5.
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